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Abstract
Let R be a commutative ring and K be a submodule of Rm, and let I be the first nonzero Fitting ideal of
the module M = Rm/K . A lemma of Lipman asserts that if R is quasilocal and I is the (m − q)th Fitting
ideal of M , then I is regular principal if and only if K is finitely generated free and M/T (M) is free of rank
m− q. (Here T (M) is the submodule of M consisting of all elements of M that are annihilated by a regular
element of R.) This paper contains two global generalizations of this result, one with the hypothesis that I
is principal regular and the other with the hypothesis that I is invertible.
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1. Terminology
R will denote a commutative ring with identity. An element of R is regular if it is a non-
zerodivisor, and an ideal of R is regular if it contains a regular element.
To signify that a nonzero R-module M is generated by elements e1, . . . , em, we write M =
〈e1, . . . , em〉. Such a generating set is a basis of M if e1, . . . , em are linearly independent over R;
and when M has a basis of m elements, it is free of rank m. The zero module is defined to be free
of rank 0. For r ∈ R, we define Tr(M) = {f ∈ M | rf = 0}.
The m × n matrix A having columns a1, . . . ,an will be denoted A = (a1, . . . ,an), and the
determinant of a square submatrix of A will be called a subdeterminant of A. McCoy’s Theorem
(see, for example, [8] or [4, p. 147]) asserts that the columns of an m × n matrix A with m n
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maximal (= n × n) subdeterminants of A.
Let K be a nonzero submodule of Rm. In the following we regard the elements of Rm as being
m× 1 column vectors. An m× n matrix whose columns are in K will be called a K-matrix, and
the determinant of a q × q submatrix of a K-matrix will be called a K-determinant of order q .
The inclusion K ⊆ Rm will be said to be of order q (1 q m) if q is the largest integer such
that there exists a nonzero K-determinant of order q .
2. Principal I
2.1. Theorem. Let K be a nonzero submodule of Rm with an inclusion K ⊆ Rm of order q
(1  q  m), let M = Rm/K , and let I be the ideal of R generated by the K-determinants of
order q . If there exists an order q K-determinant d such that I = (d), then K/Td(K) can be
generated by q elements and M/Td(M) can be generated by m − q elements. If there exists
a regular order q K-determinant d such that I = (d), then K has a basis of q elements and
M/Td(M) has a basis of m − q elements.
(If m = q , these statements should be interpreted as saying M/Td(M) = 0.)
Proof. Let a1, . . . ,aq be elements of K such that the m × q matrix
A = (a1, . . . ,aq)
has d as a subdeterminant. For notational simplicity, we shall assume that d is the determinant
of the matrix consisting of the first q rows of A.
Let a be an arbitrary element of K , and let Aa = (a1, . . . ,aq,a). Since K ⊆ Rm is an inclusion
of order q , by [8, Section 3] there exists a column vector d = (d1, . . . , dq, d) such that the di are
up to sign order q subdeterminants of Aa and Aad = 0, i.e., such that
d1a1 + · · · + dqaq + da = 0. (1)
Since I = (d), each di is a multiple of d , hence
d
[
(d1/d)a1 + · · · + (dq/d)aq + a
] = 0.
Therefore t = (d1/d)a1 +· · ·+ (dq/d)aq +a is in Td(K), and a = t − (d1/d)a1 −· · ·− (dq/d)aq
is in Td(K) + 〈a1, . . . ,aq〉. Since a was an arbitrary element of K , then K = Td(K) +
〈a1, . . . ,aq〉, hence K/Td(K) is generated by the canonical images of a1, . . . ,aq in K/Td(K).
Moreover, if d is regular, then Td(K) = 0 and by McCoy’s Theorem a1, . . . ,aq are linearly in-
dependent.
Now consider M . If e1, . . . , em are the images of the canonical generators of Rm in M and e
is the row vector (e1, . . . , em), then, since the column vectors a1, . . . ,aq of A are in K , we have
eA = 0
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deq = 0, in which case M = Td(M), and if q < m, then
de1 = d11eq+1 + · · · + dm1em,
...
deq = dq+1,qeq+1 + · · · + dm,qem,
where the dij are up to sign order q subdeterminants of A. In the latter case, it now follows
as before that if I = (d), then e1, . . . , eq are in Td(M) + 〈eq+1, . . . , em〉, hence M = Td(M) +
〈eq+1, . . . , em〉. Thus, either q = m and M/Td(M) = 0 or q < m and M/Td(M) is generated by
eq+1, . . . , em.
Finally, if d is regular and q < m, we claim that eq+1, . . . , em are linearly independent.
For, suppose rq+1eq+1 + · · · + rmem = 0, ri ∈ R. Consider the m × (q + 1) matrix Aa =
(a1, . . . ,aq,a), where a is the column vector (0, . . . ,0, rq+1, . . . , rm). Since K ⊆ Rm is an or-
der q inclusion, every order q + 1 subdeterminant of Aa is zero, hence drq+1 = · · · = drm = 0.
Since d is regular, this implies rq+1 = · · · = rm = 0. Thus, eq+1, . . . , em are linearly indepen-
dent. 
3. On the hypothesis of Theorem 2.1
Throughout this section we fix the following notation: K ⊆ Rm is an inclusion of order q
(1 q m), M = Rm/K , and I is the ideal of R generated by the order q K-determinants.
By the linearity of the determinant function, in forming I it suffices to use a collection of
generators of K , i.e., if S is a collection of generators of K , then I is generated by the order q
subdeterminants of matrices whose columns are in S.
Consider now the following statements:
(i) I is principal and generated by a single order q K-determinant.
(ii) I is principal, and there exist q column vectors a1, . . . ,aq in K such that the maximal
(= order q) subdeterminants of the matrix A = (a1, . . . ,aq) generate I .
(iii) I is principal.
Note that (i) is just the hypothesis of Theorem 2.1. Also, (i) ⇒ (ii) by Theorem 2.1, and
trivially (ii) ⇒ (iii). Moreover, if R is quasilocal, then all three are equivalent, because in a
quasilocal ring every collection of generators for a principal ideal contains a single element that
generates.
The following simple example shows that (ii) (i). Let R be the ring of integers mod 6
and K be the submodule of R2 generated by the column vectors (2,0) and (0,3). Then q = 1
and I = (1), yet there is no order 1 K-determinant that generates I because every order 1
K-determinant is either a multiple of 2 or a multiple of 3.
3.1. Question. I do not have an example to show (iii) (ii), or equivalently, that (iii) does not
imply that K is generated by q elements, so this is left an open question, the easiest case of which
is possibly the following: Let K be the submodule of R2 generated by two column vectors of
the form (a, c) and (0, b) with ab = 0 and I = (a, b, c) = (1). Does it follow that K contains a
unimodular vector, i.e., a vector whose coordinates generate the unit ideal?
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we note in Corollary 3.4 below that (ii) suffices in order to recover Theorem 2.1 assertions
about K .
3.2. Theorem. Suppose I is principal; say I = (d), with d = r1d(1) + · · · + rsd(s), where
r1, . . . , rs are in R and d(1), . . . , d(s) are order q K-determinants. If a1, . . . ,at are elements
of K such that the matrix (a1, . . . ,at) has d(1), . . . , d(s) as order q subdeterminants, then
K = 〈a1, . . . ,at〉 + Td(K).
Proof. Let a ∈ K . Then
da = r1d(1)a + · · · + rsd(s)a. (2)
As in the proof of Theorem 2.1, there exist, up to sign, order q subdeterminants d(j)1 , . . . , d
(j)
q
and column vectors a(j)1 , . . . ,a
(j)
q of the matrix (a1, . . . ,at) such that
d
(j)
1 a
(j)
1 + · · · + d(j)q a(j)q + d(j)a = 0 (1 j  s). (3)
Substituting from (3) into (2), we obtain an equation like (1):
b1a1 + · · · + btat + da = 0,
where the bi are elements of R divisible by d . As in the proof of Theorem 2.1, it follows that
a ∈ 〈a1, . . . ,at〉 + Td(K). 
3.3. Corollary. If I is principal and d is an element of R which generates I , then K/Td(K) is
finitely generated.
3.4. Corollary. Assume (ii) (with its notation) holds, and let d be an element of R which gener-
ates I . Then
K = 〈a1, . . . ,aq〉 + Td(K);
and if I is regular, then a1, . . . ,aq form a basis of K .
3.5. Example. As for the assertions of Theorem 2.1 involving M , we have the following example
to show that (ii) does not imply that M/Td(M) is generated by m− q elements. Let k be the field
of reals; let X,Y,Z be indeterminates; let
R = k[X,Y,Z]/(X2 + Y 2 + Z2 − 1) =: k[x, y, z];
and let K be the cyclic submodule of R3 generated by the element (x, y, z) in R3. Then I = (1)
and q = 1. Also, T1(M) = 0, hence M = M/T1(M). However, it is known [9] that the triple
(x, y, z) cannot be filled out to a 3 × 3 R-matrix of determinant 1, or equivalently, that (x, y, z)
does not extend to a basis of R3; so it follows that M cannot be generated by 2 elements. (Note:
A finitely generated module is locally free of constant rank if and only if its first nonzero Fitting
ideal is the unit ideal; cf. [6, p. 63].)
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T (M) = {f ∈ M | there exists a regular r ∈ R such that rf = 0}.
Note that if T (M) is finitely generated, then there exists a regular r ∈ R such that Tr(M) =
T (M).
3.6. Proposition. If K is generated by q elements and d is an element of I , then T (M) ⊆ Td(M).
(Hence if d is regular, then T (M) = Td(M).)
Proof. We must show: If a ∈ Rm and there exists a regular element r ∈ R such that ra ∈ K , then
da ∈ K .
Let K = 〈a1, . . . ,aq〉, ai ∈ Rm. Since d ∈ I and I is generated by the order q subdeterminants
of A = (a1, . . . ,aq), d can be written as a linear combination of these subdeterminants; and
therefore it suffices to prove da ∈ K for d an order q subdeterminant of A.
If e1, . . . , em denote the canonical generators of Rm, then there exist rij ∈ R such that
ai = r1ie1 + · · · + rmiem (i = 1, . . . , q). (4)
Since ra ∈ K , there exist α1, . . . , αq ∈ R such that
ra = α1a1 + · · · + αqaq. (5)
Substituting (4) into (5), we obtain
ra = α1(r11e1 + · · · + rm1em) + · · · + αq(r1qe1 + · · · + rmqem)
= (α1r11 + · · · + αqr1q)e1 + · · · + (α1rm1 + · · · + αqrmq)em.
Therefore, if a = a1e1 + · · · + amem, then
α1r11 + · · · + αqr1q = ra1,
...
α1rm1 + · · · + αqrmq = ram.
Since d is the determinant of a q × q coefficient matrix from these equations, we can apply
Cramer’s rule to conclude that dαi is a multiple of r : dαi = dir , di ∈ R (i = 1, . . . , q). But then
dra = d1ra1 + · · · + dqraq,
and since r is regular in R it follows that da = d1a1 + · · · + dqaq ∈ K . 
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We retain the notation of Section 3: K ⊆ Rm is an inclusion of order q (1 q m), I is the
ideal of R generated by the K-determinants of order q , and M = Rm/K . In addition, except for
the example at the end of this section, I will be assumed invertible throughout.
Recall [1, p. 108] that an ideal of R is invertible if and only if it is finitely generated, locally
free, and regular. (See 4.4 below for example of an ideal that is finitely generated and locally
free but not regular.) Also, a finitely generated R-module is projective if and only if it is locally
free of locally constant rank. In particular, a finitely generated locally free R-module of constant
rank is projective.
If p is a prime ideal of R, then the overriding hypothesis of this section carries up to Rp: Ip
is the ideal of Rp generated by the Kp-determinants of order q , and Kp ⊆ Rmp is an inclusion of
order q (because I is regular). Moreover, I is invertible implies Ip is regular principal.
As we shall see in Example 4.4 below, the torsion module T (M) does not in general localize
well. In contrast, the module Td(M) with d a regular element of R does, as is easily checked. By
exploiting this observation, we shall show that T (M) also does localize well when I is invertible.
4.1. Lemma. If I is invertible and d is a regular element of I , then Td(M) = T (M).
Proof. Clearly we have ⊆, so we must prove the reverse inclusion; and it suffices to prove
that this inclusion holds locally at every prime p of R. As noted previously, Td(M) local-
izes well, i.e., Td(M)p = Td(Mp). Also, by 2.1 Kp is generated by q elements, and therefore
by 3.6 T (Mp) = Td(Mp). Moreover, clearly T (M)p ⊆ T (Mp). Therefore T (M)p ⊆ T (Mp) =
Td(Mp) = Td(M)p . 
4.2. Corollary. If I is invertible and p is a prime ideal of R, then T (M)p = T (Mp).
Proof. Choose d ∈ I regular. By 4.1, Td(M) = T (M) and Td(Mp) = T (Mp). Since Td(M)p =
Td(Mp), we are done. 
4.3. Theorem. I is an invertible ideal (if and) only if K is finitely generated projective of constant
rank q and M/T (M) is projective of constant rank m − q .
(The “if” direction will be proved at the end of Section 6.)
Proof. Let p be a prime ideal of R. Since I is regular and locally free, Ip is rank 1 free; and
because Rp is quasilocal, Ip is therefore generated by (the canonical image of) a single regular
order q K-determinant d . By 2.1 Kp is then free of rank q and Mp/Td(Mp) is free of rank m−q .
By 4.1 Td(Mp) = T (Mp) and by 4.2 T (M)p = T (Mp); hence Td(Mp) = T (M)p . Putting these
equalities together, we have [M/T (M)]p = Mp/T (M)p = Mp/T (Mp) = Mp/Td(Mp) is free
of rank m − q . Thus, M/T (M) is projective of constant rank m − q .
It only remains to prove that K is finitely generated. Since I is finitely generated, we can select
a finite set of elements a1, . . . ,as from K such that the order q subdeterminants of the matrix
A = (a1, . . . ,as) generate I . Then by 3.2 the canonical images of the ai in Kp generate Kp;
hence a1, . . . ,as generate K locally at every prime, and therefore they generate K . 
4.4. Example. This is an example to show that T (M) does not usually localize well. Bourbaki
[1, Exercise 12, p. 150] has given an example of a ring R having a finitely generated maximal
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entirely of zero-divisors. Thus, I is almost invertible in the sense that it is finitely generated
and locally rank 1 free but it is not regular. (The details of this example have been worked out
in [7]. Such an example cannot occur if R is noetherian, because then an ideal consisting of
zero-divisors is contained in an associated prime of 0, and such primes localize well.)
Take K = I ⊆ R and M = R/K = R/I , so that m = q = 1. Since M = R/I is a field and
I consists of zero-divisors, T (M) = 0. On the other hand, for every prime ideal p, since Mp =
Rp/Ip and Ip is regular, T (Mp) = Mp . In other words, M/T (M) = M , yet for every prime ideal
p, Mp/T (Mp) = 0. (In particular, the cyclic module M is not free at the prime I .)
5. A converse to Theorem 2.1
If L is a submodule of Rm, then the inclusion L ⊆ Rm will be said to be regular principal of
order q if it is of order q and the ideal of R generated by the order q L-determinants is generated
by a single regular L-determinant of order q .
For elements e1, . . . , em of a module M , we define
K(e1, . . . , em):=
{
(r1, . . . , rm) ∈ Rm
∣∣ r1e1 + · · · + rmem = 0
} ⊆ Rm.
If e1, . . . , em generate M , then K(e1, . . . , em) will be called a relation kernel for M .
5.1. Proposition. Let e1, . . . , eq, eq+1, . . . , em be elements of an R-module M which gener-
ate M and such that e1, . . . , eq generate T (M) and eq+1, . . . , em are linearly independent
(1 q m). If the relation kernel K(e1, . . . , em) has a basis, then it has a basis of q elements
and K(e1, . . . , em) ⊆ Rm is a regular principal inclusion of order q .
Proof. Since T (M) is finitely generated, there exists a regular r ∈ R such that T (M) = Tr(M).
Let K = K(e1, . . . , em). By the hypothesis every element a of K has the form
a = (a1, . . . , aq,0, . . . ,0) (m − q zeros),
and the q linearly independent elements
(r,0, . . . ,0), (0, r,0, . . . ,0), . . . , (0, . . . ,0, r,0, . . . ,0)
are in K ; so K ⊆ Rm is an inclusion of order q . A corollary to McCoy’s Theorem asserts that
any q + 1 elements of Rq are linearly dependent (see, for example, [8, Corollary 3]); therefore
since K has a basis, is isomorphic to a submodule of Rq , and contains q linearly independent
elements, it follows that K has a basis of q elements. Let a1, . . . ,aq be a basis for K , and
consider the matrix A = (a1, . . . ,aq). The determinant d of the matrix consisting of the first q
rows of A is regular by McCoy’s Theorem. Moreover, every K-matrix has columns which are
linear combinations of a1, . . . ,aq ; hence by the linearity of the determinant function, it follows
that any K-determinant of order q is a multiple of d . 
5.2. Theorem. Let M be a finitely generated R-module. If M/T (M) is free of rank j  0 and
there exists a finitely generated free relation kernel for M , then there exists an integer m > j and
a finitely generated free relation kernel K ⊆ Rm for M such that K ⊆ Rm is a regular principal
inclusion of order m − j .
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e1, . . . , eq generate T (M) and eq+1, . . . , em0 are linearly independent, with q = m0 − j and 1
q m0. If K1 ⊆ Rm1 is the finitely generated free relation kernel for M given by the hypothesis
and K0 is the relation kernel K(e1, . . . , em0) ⊆ Rm0 , then by Schanuel’s lemma (see [4, p. 124])
Rm1 ⊕ K0 ∼= Rm0 ⊕ K1; and therefore Rm1 ⊕ K0 is finitely generated free. But Rm1 ⊕ K0 is
isomorphic to the relation kernel
K := K(0, . . . ,0, e1, . . . , eq, eq+1, . . . , em0) ⊆ Rm1+m0,
and then by Proposition 5.1 K ⊆ Rm1+m0 is a regular principal inclusion of order m1 + q =
m1 + m0 − j . 
6. Lipman’s lemma
The Fitting ideals I0 ⊆ I1 ⊆ · · · for the finitely generated R-module M are defined as follows:
Let e1, . . . , em be generators for M , and let K := K(e1, . . . , em).
• I0 is the ideal of R generated by the order m K-determinants,
• I1 is the ideal of R generated by the order m − 1 K-determinants,
• Im−1 is the ideal of R generated by the order 1 K-determinants,
• Ij = R for j m.
Thus,
I0 ⊆ I1 ⊆ · · · ⊆ Im = Im+1 = · · · = R.
This ordering gives ideals that are independent of the choice of generators for M . (See, for
example, [3], [4, p. 145], [2, p. 157] for some treatments of Fitting’s Theorem.)
If K is a nonzero submodule of Rm and M ∼= Rm/K , then the inclusion K ⊆ Rm is of order q
(1 q m) if and only if Im−q is the first nonzero Fitting ideal of M , and the inclusion is regular
principal if and only if Im−q is a principal ideal generated by a regular K-determinant of order q .
An important part of Lipman’s paper [5] is the following lemma:
6.1. Lemma (Lipman). Suppose R is quasilocal (i.e., has a unique maximal ideal), M is a finitely
generated R-module, and the j th Fitting ideal I of M is the first nonzero Fitting ideal. Then I is
a regular principal ideal if and only if M/T (M) is free of rank j and d(M) 1.
The condition d(M) 1 means that there exists an integer m 1 and a finitely generated free
module K such that M ∼= Rm/K . The next theorem is one possible generalization of Lipman’s
lemma to an arbitrary commutative ring R.
6.2. Theorem. Let M be a finitely generated R-module, and let I be the j th Fitting ideal and the
first nonzero Fitting ideal of M . Then the following are equivalent:
(i) There exists an integer m > j and a relation kernel K ⊆ Rm for M such that I is a principal
ideal generated by a regular K-determinant of order m − j .
(ii) M/T (M) is free of rank j and there exists a finitely generated free relation kernel for M .
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is a regular principal ideal, the inclusion K ⊆ Rm is regular principal of order q . Therefore by
Theorem 2.1 K is free of rank q and M/Td(M) is free of rank m − q = j (where d is a regular
element of R). But if M/Td(M) is free, then there exists a free submodule N of M such that
M = Td(M) + N (direct sum), and this implies Td(M) = T (M).
(ii) ⇒ (i): Apply Theorem 5.2. 
If R is a quasilocal ring and I is a regular principal ideal, then any collection of generators
for I contains a single regular element which generates I . Thus, if R is quasilocal, then (i) of
Theorem 6.2 is equivalent to
(i′) I is a regular principal ideal.
Therefore the equivalence of (i′) and (ii) for R quasilocal is just Lipman’s lemma.
Finally, we want to prove the converse to 4.3 in order to give our second globalization of
Lipman’s lemma.
6.3. Theorem. (Converse to 4.3.) Let K ⊆ Rm be an inclusion of order q (1  q  m), let
M = Rm/K , and let I be the ideal of R generated by the order q K-determinants. Then I is an
invertible ideal if (and only if ) K is finitely generated projective and M/T (M) is projective of
constant rank m − q .
Proof. Since K is finitely generated, so also is I . Moreover, it follows from Lipman’s Lemma 6.1
that Ip is principal regular for every prime p of R, so it only remains to prove that I is regular.
Since M/T (M) is projective of constant rank m − q , there exists a submodule N of M such
that M = T (M)+N (direct sum) and N is locally free of constant rank m−q . It follows that the
first nonzero Fitting ideal J of N is the (m − q)th and equals R, because this is the case locally
at every prime. On the other hand, T (M) is generated by m elements and is annihilated by a
regular element r of R, so the first nonzero Fitting ideal H of T (M) is the 0th and contains rm.
Since the first nonzero Fitting ideal of M is the ideal JH (see [2, p. 174]), which is regular, we
are done. 
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